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A module M is called a CS-module if every submodule of M is essential in a
direct summand of M. A ring R is called CS-semisimple if every right R-module
is CS. For a ring R, we show that:
Ž .1 R is right artinian with Jacobson radical cube zero if every countably
generated right R-module is a direct sum of a projective module and a CS-module.
Ž . Ž .2 The following conditions are equivalent: i Every countably generated
right R-module is a direct sum of a projective module and a quasicontinuous
Ž .module; and ii every right R-module is a direct sum of a projective module and a
quasi-injective module.
Ž .We describe the structure of rings in 2 and show that such a ring is not
necessarily CS-semisimple. Q 2000 Academic Press
1. INTRODUCTION
Throughout this paper, our rings are associative with identity and
Žmodules are unitary over them. A right R-module M is called a CS- or an
.extending module if every submodule of M is essential in a direct
summand of M. A ring R is right CS if R is a CS-module. We refer toR
w x6, 12 for details on CS-modules.
ŽLet ‘ be a property of modules over a ring R such as the property
of being injective, being CS, or being a direct sum of a projective module
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.and a singular module, etc. . We call R a right ‘-semisimple ring provided
every right R-module satisfies ‘. Left ‘-semisimple rings are defined
similarly, and a ring is called ‘-semisimple if it is right and left ‘-semisim-
ple. In particular, a ring R is right CS-semisimple if every right R-module
is CS. It is well known that right CS-semisimplicity and left CS-semisim-
plicity are equivalent. Hence we call a ring CS-semisimple if it is right or
left CS-semisimple.
A ring R is CS-semisimple if and only if R is right and left artinian,
Ž .2right and left serial with J R s 0 if and only if R is a direct sum of
Ž . Ž .minimal right left ideals, and indecomposable injective right left ideals
Ž .of composition length 2 if and only if every right left R-module is a direct
Ž w x.sum of an injective module and a semisimple module cf. 6, 13.5 .
w x Ž .Moreover, from 11, Theorem 7 with M s R , a ring R is CS-semisimple
if and only if every countably generated right R-module is CS. In this
paper, we show that this is equivalent to the condition:
Ž .> Every countably generated right R-module is a direct sum of a
projective module and a semisimple module.
Ž .We further investigate rings satisfying a condition of type > in which
``semisimple'' is replaced by ``CS'' or ``quasi-continuous.'' Precisely, we
consider the following two conditions for a right R-module M:
Ž .‘ M is a direct sum of a projective module and a CS-module.
Ž .‘* M is a direct sum of a projective module and a quasi-continu-
ous module.
Our study of these conditions is also motivated by the work of Oshiro
w x14, 15 who has shown that a ring R is left artinian and QF-3 if every right
R-module is a direct sum of a projective module and a singular module.
In Section 2, we show that if every countably generated right R-module
Ž .satisfies ‘ , then R is right artinian with Jacobson radical cube zero
Ž .Theorem 5 . Example 6 provides a ‘-semisimple ring which has Jacobson
radical square nonzero, hence it is not ‘*-semisimple, and consequently
not CS-semisimple. It is still unknown whether a ring of Theorem 5 is right
‘-semisimple. On the other hand, we notice that if every finitely generated
right module over a ring R is the direct sum of a projective module and an
Žinjective module, then the ring R is not necessarily right artinian see
.Remark 4 .
Ž .In Section 3, we characterize right ‘*-semisimple rings Theorem 7 . It
is shown that the class of right ‘*-semisimple rings is strictly larger than
Ž .the class of CS-semisimple rings Proposition 15 .
Recall that, for modules M and N, M is called N-injective if any
homomorphism of a submodule of N to M can be extended to a homo-
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morphism of N to M. A module M is said to be quasi-continuous if M is
CS and for any direct summands A and B of M with A l B s 0, A [ B
is also a direct summand of M; moreover, M is called a continuous
module if M is CS and any submodule isomorphic to a direct summand of
M is itself a direct summand of M. Quasi-injective modules are continuous
w xand continuous modules are quasi-continuous. We refer to 13 for the
basic properties of these modules.
Ž . Ž . Ž .For a module M, Soc M , E M , and J M denote the socle, the
injective hull, and the Jacobson radical of M, respectively. If M has finite
Ž .composition length, then its length is denoted by l M .
Ž .2. CONDITION ‘
The structure of CS-semisimple rings was obtained by Dung and Smith
w x w x5 and Vanaja and Purav 19 independently.
In the first lemma we list some of the characterizations of CS-semisim-
w xple rings presented in 5, 13.5 .
LEMMA 1. For a ring R, the following conditions are equi¤alent:
Ž .a R is right CS-semisimple.
Ž . Ž .b E¤ery cyclic right R-module is a direct sum of an injecti¤e module
and a semisimple module.
Ž .c R is a direct sum of minimal right ideals and indecomposableR
injecti¤e right ideals of composition length 2.
Ž . Ž .2d R is right and left artinian, right and left serial with J R s 0.
Ž . Ž . Ž . Ž .e The left-handed ¤ersions of a , b , and c .
Ž .In this case, e¤ery right or left R-module is a direct sum of simple
modules and indecomposable injecti¤e, projecti¤e modules of length 2.
The proof of the following lemma, due to F. L. Sandomierski, can be
w xfound in 2, Prop. 8.24 .
LEMMA 2. Let M be a nonsingular projecti¤e right R-module. If M
contains a finitely generated essential submodule, then M is finitely generated.
Next we prove the following lemma which is a crucial step in establish-
ing the main result of this section.
LEMMA 3. Let R be a prime right noetherian ring. If e¤ery countably
generated right R-module is a direct sum of a projecti¤e module and a
CS-module, then R is semisimple artinian.
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Proof. Suppose, on the contrary, that R is not artinian. As R is right
Ž .noetherian and prime, R is right nonsingular. We have Soc R s 0, sinceR
Ž .otherwise Soc R s R, forcing R to be artinian, a contradiction to ourR
Ž .assumption. We decompose the injective hull E R of R into a directR
sum of finitely many uniform submodules E :i
E R s E [ E [ ??? [ E ,Ž .R 1 2 l
Ž .where E ( E for any i and j. If E is finitely generated then E R isi j 1 R
Žfinitely generated. This implies that R is a simple artinian ring see, e.g.,
w x.2, Lemma 1.19 , a contradiction to our assumption.
Therefore, E is not finitely generated. Let F be a nonzero finitely1
generated submodule of E . Then N s E rF is an infinitely generated1 1
w xsingular right R-module. Let s N denote the full subcategory of Mod-R
Ž w x.whose objects are submodules of N-generated modules cf. 20 . By the
w xhypothesis every countably generated module in s N must be CS. Hence,
w x w xby 11, Theorem 7 , all modules in s N are CS. Thus N s [ N ,aa g I
Ž . Ž w Ž .x.where each N is cyclic uniform of length 1 or 2 cf. 6, 13.3 h . Ita
follows that the index set I is infinite. Hence we can find a countably
Ž .generated proper submodule C of E containing F which is not finitely1 1
generated and such that E rC is also infinitely generated. Pick an1 1
element y g E y C and set C s C q y R. Again, pick an element1 1 1 2 1 1
y g E y C and set C s C q y R. Continuing in this way, we obtain2 1 2 3 2 2
an infinite strictly ascending chain
C ; C ; C ; ??? ; C ; ??? . 1Ž .1 2 3 n
We note that here each C is countably generated and uniform. Moreover,i
each C is not projective, since otherwise C containing a finitely generatedi i
essential submodule C l R would be finitely generated by Lemma 2. Seti
‘ Ž . mC s [ C and C m s [ C for each m g N. Furthermore, seti iis1 is1
Ž . m Ž .L s R l C and L m s [ L . Then L m is noetherian and essentiali i iis1
Ž .in C m for each m g N. We aim to show that the countably generated
module C is CS.
Ž . Ž .We first prove that, for each n g N, C n is CS. Let n ) 1. Since C n
Ž .is countably generated we can write C n s P [ K where P is a projective
Ž .module and K is a CS-module. By the previous remark, C n cannot be
projective. This implies that K / 0. If P / 0 then K is not essentially in
Ž .C n . Hence there exists a C , such that C l K s 0. This means that Ci i i
can be embedded in P. But since P contains a finitely generated essential
Ž .submodule P l L n , P is finitely generated by Lemma 2, and hence
noetherian. Therefore, C is noetherian, a contradiction. Hence P s 0 andi
Ž .so C n is CS.
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‘ Ž .Now we consider C s [ C . By ‘ , C s P [ H, where P is projec-iis1
tive and H is CS. If P s 0, then we are done. Assume that P is nonzero.
Ž . Ž .Then there exists a k g N such that U s P l C k / 0. Since C k is CS,
Ž .U is essential in a direct summand U* of C k . Note that U* is also a
closure of U in C. But P is also closed in the nonsingular module C and
therefore U* : P. By using the modular law we obtain that P s U* [ P9.
This implies that U* is projective. As U* contains a finitely generated
Ž .essential submodule U* l L k , U* is noetherian by Lemma 2. The
Ž . Ž .uniform dimension of C k is k. Set C k s U* [ V for some submodule
V. Since U* / 0, the uniform dimension of V is at most k y 1. Thus there
 4exists a C for some i g 1, 2, . . . , k such that V l C s 0. This impliesi i
that we can embed the infinitely generated module C in the noetheriani
module U*, a contradiction. Therefore P s 0 and hence C s [‘ Ciis1
is CS.
Let i be the inclusion map of C into C . Then, for each k s 1, 2, . . . ,k k kq1
i is a monomorphism which is not an isomorphism. Moreover, for eachk
Ž .n s 1, 2, . . . and 0 / x g C , we have i i ??? i x s x / 0. This is a1 n iy1 1
w xcontradiction to 3, Theorem 1 . Hence the injective hull of R must beR
Ž w x.finitely generated. Therefore, R is right artinian cf. 2, Lemma 1.19 .
Remark 4. There exist prime right noetherian non-artinian rings R for
which every finitely generated right R-module is a direct sum of a
projective module and an injective module.
wProof. Let R be a right and left PCI domain as constructed in 4, pp.
x93]94 ; i.e., R is a right and left noetherian, right and left hereditary
simple V-domain which is not a di¤ision ring. Moreover, RrU is semisim-
w xple for any nonzero right ideal U of R. Then, by 5, 12.18 , for every
m g N, the direct sum Rm of m copies of R is CS. Let M be anR
arbitrary finitely generated right R-module. Then there exist an n g N
n n Ž .and an R-epimorphism f: R “ M. Hence M ( R rKer f . On the
other hand, since Rn is CS as a right R-module, Rn s U [ V, where
Ž . Ž .Ker f is essential in U and hence UrKer f is semisimple and hence
injective. Thus, M is a direct sum of a projective module V and an
Ž .injective module UrKer f , while R is neither right nor left artinian.
We now prove the main result of this section.
THEOREM 5. For a ring R, consider the following properties:
Ž . Ž .a E¤ery countably generated right R-module satisfies ‘ .
Ž .b R is right artinian and e¤ery finitely generated right R module
Ž .satisfies ‘ .
Ž . Ž .3c R is right artinian with J R s 0. Moreo¤er, for any decomposi-
tion R s R [ ??? [ R with indecomposable right ideals R , each R hasR 1 t i i
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composition length at most 3, and the uniform dimension of each R is ati
most 2.
Ž . Ž . Ž .Then a « b « c .
Ž . Ž .Proof. a « b Let R be a ring whose countably generated right
Ž .modules satisfy ‘ . First we show that R is right noetherian. Let E be an
w xarbitrary essential right ideal of R and let M s RrE. Again let s M
denote the full subcategory of Mod-R whose objects are submodules of
Ž . w xM-generated modules. By ‘ , every countably generated module in s M
w x wis CS. Hence, M is noetherian by 11, Theorem 5 . Therefore, by 6,
Ž .x Ž . Ž .5.15 1 , RrSoc R is right noetherian. Using ‘ and the argumentsR
w x Ž .presented in the proof of 9, Theorem 1 , we conclude that Soc R isR
Žfinitely generated. Hence R is right noetherian as claimed. The above
Ž .argument shows that the claim holds also if every finitely or 2- generated
Ž . .right R-module satisfies ‘ .
Now we can show that R is right artinian. Suppose, on the contrary, that
R is not right artinian. As R is right noetherian, if, for each prime ideal P
Ž w x.of R, RrP is right artinian, then R is right artinian cf. 7, 18.34B , a
contradiction. Hence there exists a prime ideal P of R such that RrP is
not right artinian. Note that countably generated right modules over every
Ž .factor ring of R also satisfy ‘ . Hence RrP is a prime right noetherian
Ž .ring which satisfies ‘ for its countably generated right modules. By
Lemma 3, RrP is right artinian, again a contradiction. Thus R has to be
right artinian.
Ž . Ž . Ž .b « c Let R s RrSoc R . Then every right R-module is singularR
Ž .as a right R-module. By b , every finitely generated right R-module must
2 3w x Ž . Ž .be CS. Hence, by 11, Corollary 6 , J R s 0. Thus J R s 0.
Write R s R [ ??? [ R , where each R is indecomposable. HenceR 1 t i
each R is a local right R-module. Assume that R is not simple for somei i
i, and let S be a minimal submodule of R . Then V s R rS is local andi i
Ž .not projective. By b , V is CS. Since V is local, V is uniform. This shows
that the uniform dimension of each R is at most 2.i
Ž .Assume that there is an R with l R G 4. Let S be a minimali i
submodule in R . Then, as before, V s R rS is uniform. Moreover, V is ofi i
composition length at least 3. Let T be the simple submodule of V. Then,
again, VrT is CS, uniform, and of length at least 2. Let W be a submodule
of V such that WrT is the minimal submodule of VrT. Hence
Ž . Ž .VrT r WrT is CS uniform and of length at least 1. There is a submod-
ule Y of V containing W such that YrW is the minimal submodule of
Ž . Ž . Ž .VrT r WrT . This shows that Y is a singular uniserial module of
length 3 and has a unique composition series 0 ; T ; W ; Y. The module
Ž . Ž . Ž .Y [ WrT is finitely generated and singular. Hence, by b , Y [ WrT is
w xCS. But this is impossible by a result of B. L. Osofsky, see 6, 7.4 . Thus
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every R has length at most 3.i
We close this section with the following remarks:
Ž . 3a The ring Zr2 Z provides an example of a ‘-semisimple ring
which is not CS-semisimple due to the fact that the square of its Jacobson
radical is nonzero.
Ž . w xb Let K x be the polynomial ring over a field K. Consider the
w x 3 w xfactor module M s K x rx K x . Then the trivial extension R of M by K
is a local commutative artinian ring with uniform dimension 3. By Theo-
Ž .rem 5, R does not satisfy ‘ for countably generated modules, though
Ž .2J R s 0.
3. RIGHT ‘*-SEMISIMPLE RINGS
A ring R is called a right SI-ring if every singular right R-module is
w xinjective. We refer to 8 for details about SI-rings.
Obviously, a CS-semisimple ring is right ‘-semisimple. From the follow-
ing proposition, we see that CS-semisimple rings are also ‘*-semisimple.
PROPOSITION 6. For a ring R the following conditions are equi¤alent:
Ž .i R is CS-semisimple.
Ž .ii E¤ery right R-module is a direct sum of a projecti¤e module and a
semisimple module.
Ž .iii E¤ery countably generated right R-module is a direct sum of a
projecti¤e module and a semisimple module.
In particular, any CS-semisimple ring is ‘*-semisimple.
Ž . Ž .Proof. i « ii Let M be an arbitrary right R-module. By Lemma 1,
M s I [ Q, where I is an injective module and Q is semisimple. Since
every uniform injective right R-module has composition length at most 2,
without loss of generality we may assume that I is a direct sum of
indecomposable injective modules I each of composition length 2. Clearly,n
each I is cyclic, and so xR s I for some 0 / x g I . Then xR (n n n
Ž . Ž .R rann x , where ann x is the right annihilator of x in R. Since R isR R R
Ž .right CS, R s U [ V where ann x is essential in U. If V s 0, thisR R
implies that xR is a direct sum of two simple modules, a contradiction.
Ž .Hence V / 0. Since xR is uniform, U s ann x . Therefore, V ( xR,R
Ž .proving that I is projective. Thus I is projective; i.e., ii holds.n
Ž . Ž .ii « iii is obvious.
Ž . Ž .iii « i Since every semisimple module is quasi-injective, obvi-
Ž .ously R satisfies ‘* for every countably generated right R-module. By
Theorem 5, R is right artinian. Write R s R [ ??? [ R , where each RR 1 n i
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is a local right R-module. Let S be a minimal submodule of R . Then, ifi i
Ž .R rS is nonzero and nonsimple, it must be projective by ii and by thei i
fact that R is local. But this is impossible, because S would then split ini i
R . Hence either R s S or R rS is simple. Consequently, each R isi i i i i i
either simple or it has composition length 2. Let R have compositionj
Ž .length 2. Assume that E R / R . Then there is a finitely generatedj j
Ž . Ž .submodule W of E R with R « W. By ii , W is a uniform projec-j j R
w x  4tive module. By 1, 27.11 , W is isomorphic to some R g R , . . . , R .k 1 n
This shows that the composition length of W is 2, a contradiction.R
Ž .Hence E R s R ; i.e., R is injective. By Lemma 1, R is CS-semisimple,j j j
Ž .proving i .
Ž . Ž .We notice that, by Remark 4, the equivalence i m iii in Proposition 6
Ž .does not hold if the hypothesis in part iii is restricted to finitely gener-
ated modules.
Now we state the main result of this section in the following theorem.
THEOREM 7. For a ring R the following conditions are equi¤alent:
Ž . Ž .I E¤ery countably generated right R-module satisfies ‘* .
Ž .II R is right artinian and e¤ery finitely generated right R-module
Ž .satisfies ‘* .
Ž .III R is a right artinian ring with Jacobson radical square zero;
Ž .R s A [ B [ C, where B [ C A s BC s CB s 0, and B and C areR R R
nonsingular right ideals of R. Moreo¤er,
Ž . Ž .i A s A [ ??? [ A , where each A is uniform, E A is projec-R 1 l i i
Ž Ž ..ti¤e, and l E A F 2.i
Ž .ii B is CS, and B s B [ ??? [ B , where each B is a uniformR R 1 m j
Ž .module of length 1 or 2; the injecti¤e hull E S of each minimal submodule S
Ž .of B has length 3. Moreo¤er, E S rS is a direct sum of two simple modules;R
Ž . Ž .in particular, E S s xR q yR for some x, y g E S . If B / 0, then there
Ž . Ž .exist at least two uniform direct summands B and B of B with l B s 1,j j9 j
Ž . Ž .l B s 2, and B ( Soc B .j9 j j9
Ž .iii C s C [ ??? [ C , where each C is an indecomposable moduleR 1 q k
of length 1 or 3; the injecti¤e hull of each minimal submodule of C is notR
projecti¤e and of length 2. If C / 0, there exist at least two C , say C andk 1
Ž . Ž . Ž .C , with l C s 1, l C s 3, and C is embedded in Soc C .2 1 2 1 2
Ž .IV E¤ery right R-module is a direct sum of a projecti¤e module and a
quasi-injecti¤e module. In particular, R is right ‘*-semisimple.
For the proof of Theorem 7, we consider below a right artinian ring R
for which every finitely generated right R-module is a direct sum of a
Ž .projective module and a quasi-continuous module; i.e., ‘* holds for
finitely generated right R-modules.
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Ž .Set R s RrSoc R . Then R is a singular right R-module, and byR R
Ž . Ž . Ž .‘* , R [ Soc R is quasi-continuous. Hence Soc R is R-injective,R R R
Ž .and therefore Soc R splits in R . Thus R is a semisimple artinian ring.R R
Ž . Ž . Ž .2This implies J R : Soc R , and hence J R s 0.R
Write
R s R [ ??? [ R , 2Ž .R 1 n
where each R is indecomposable and hence local. By Theorem 5, for eachi
Ž . Ž .R , u-dim R F 2 and l R F 3.i i i
In Lemmas 8]12 below, we further investigate this ring R and the direct
summands R 's in the abo¤e decomposition of R .i R
 4 Ž .LEMMA 8. Let R g R , . . . , R and u-dim R s 2. Then R is ak 1 n k k
nonsingular right R-module.
Ž . Ž .Proof. As u-dim R s 2, we have Soc R s S [ T where S and Tk k
are minimal submodules of R . Since R rS cannot have a nonzerok k
projective direct summand, it must be quasi-continuous and hence uni-
form. Note that the length of R rS is 2. Let T 9 be the image of T ink
Ž . Ž .R rS. If T 9 is singular, then, by ‘* , it is easy to see that R rS [ T 9 isk k
Ž .quasi-continuous. This implies that T 9 is R rS -injective, so T 9 splits ink
R rS, a contradiction. Hence T is nonsingular. By a similar argument, wek R
obtain that S is also nonsingular. Thus, whenever the uniform dimensionR
of some R is 2, R is a nonsingular right R-module.k k
 4 Ž . Ž .LEMMA 9. Let R g R , . . . , R be uniform. Then l R F 2. If Soc Ri 1 n i i
Ž .is singular, then R is injecti¤e and l R s 2.i i
Ž .2Proof. The first statement is clear, because J R s 0 and R is a locali
Ž . Ž .uniform right R-module, so l R F 2. Now we assume that S s Soc R isi i
Ž .a singular submodule. As R is uniform, S is simple, and l R s 2. Leti R i
E be the injective hull of R . If E / R , E contains a finitely generatedi i i i i
submodule U with R ; U such that UrR is simple. Hence the composi-i i
tion length of U is 3. Then U cannot be projective, since otherwise UR R
 4must be isomorphic to some uniform right ideal of R in R , . . . , R by1 n
w x Ž .1, 27.11 , and so l U F 2, a contradiction. The module U [ S hasR R R
uniform dimension 2. Moreover, the socle of U [ S is singular. WriteR R
U [ S s P [ Q, where P is projective and Q is quasi-continuous.R R
Clearly, Q is nonzero and P / U. Suppose that P is nonzero. Then P is
Ž . Žuniform. Since P cannot be simple, l P s 2 by the same argument as
 4. Ž .before that P is isomorphic to some R g R , . . . , R . Hence l Q s 2t 1 n
Ž .because l U [ S s 4. If Q l U s 0, then Q is embedded in S , aR R R
contradiction, because S is simple. Hence Q l U / 0. Consequently,R
U l P s 0. Therefore, P is embedded in S , again a contradiction,R
HUYNH AND RIZVI142
Ž .because l P s 2. Thus P s 0, and therefore U [ S s Q is quasi-con-R R
tinuous. This means S is U-injective, and so S splits in U, a contradiction.
Thus E s R , proving that R is injective and of length 2.i i i
Now we define the right ideals A, B, and C of R as follows:
 41. A is the direct sum of all such R g R , . . . , R which are eitheri 1 n
Ž .injective, or R is simple with projective E R . In particular, by Lemmas 8i i
and 9, A contains the right singular ideal of R.
 42. B is the direct sum of all such uniform R g R , . . . , R ; thej 1 n
Ž .injective hull of each Soc R has length at least 3.j
 43. C is the direct sum of the remaining R g R , . . . , R , i.e., thek 1 n
ones which are either simple or of u-dimension 2; if R is simple, thenk
Ž Ž .. Ž .l E R s 2 and E R is not projective.k k
It follows that R s A [ B [ C. Notice that A, B, or C can be zero,R
but all of them cannot be zero at the same time, because our ring R is
Ž .assumed to be nonzero 0 / 1 g R .
Ž .LEMMA 10. B [ C A s BC s CB s 0. In particular, A is an ideal
of R.
Proof. For convenience we write
A s A [ ??? [ A , B s B [ ??? [ B , C s C [ ??? [ C ,1 l 1 m 1 q
where A , B , and C are, respectively, the R , R , and R as choseni j k i j k
above.
As mentioned before, A contains the right singular ideal of R, and
hence B and C are nonsingular.R R
Now let b g B. If bA / 0, then there exists an A such that bA / 0.i i
Since bA : B, bA is nonsingular, and hence bA ( A . Therefore, B hasi i i i
a simple submodule, and its injective hull has length 1 or 2, a contradiction
to the definition of B. Thus bA s 0, implying BA s 0. Next, let c g C. If
cA / 0, then there exists an A such that cA / 0. Since cA : C, cA isj j j j
nonsingular, and hence cA ( A . Therefore, C has a simple module, andj j
its injective hull is projective, a contradiction to the definition of C. Hence
cA s 0, proving CA s 0.
Let y g B. If yC / 0, then there is a C with yC / 0. Hence yC is ak k k
nonsingular submodule of B. Consequently, yC contains a minimal sub-k
module Y isomorphic to one of C . Therefore, the injective hull of Y hask
Ž .length 2 see Lemma 12 for the structure of C . This is a contradiction toR
the definition of B. Thus yC s 0, implying BC s 0. In a similar way, we
get also CB s 0.
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Ž Ž ..LEMMA 11. Let S be any minimal submodule of B. Then l E S s 3,
Ž . Ž .and E S rS is a direct sum of two simple modules. In particular, E S s xR
Ž . Ž .q yR for some x, y g E S . If B / 0, then there exist at least two uniform
Ž . Ž .direct summands B and B of B with l B s 1, l B s 2, and B (j j9 j j9 j
Ž .Soc B . Moreo¤er, B is CS.j9 R
Proof. By the definition of B, we have B s B [ ??? [ B where each1 m
B is given in the proof of Lemma 10. Assume that there is a B withk j
Ž Ž .. Ž .l E B ) 3. Then E B contains submodules U, V with U ; V andj j
Ž . Ž . Ž .l U s 3, l V s 4. The module U resp. V is not projective, sinceR
Ž .  4otherwise U resp. V is isomorphic to a member of R , . . . , R which1 n
Ž .should be uniform and of length 3 resp. 4 , a contradiction to Lemma 9.
Ž .By ‘* , U [ V s P [ Q where P is projective and Q is quasi-continuous.
If P / 0, then P is uniform, since U [ V is not projective and of uniform
Ž . Ž .dimension 2. By Lemma 9, l P F 2. Hence Q is uniform and l Q s 5 or
6. Now, if Q l U s 0, Q is embedded in V, which is impossible because
Ž .l V s 4. Hence Q l U / 0; consequently, U ; Q since Q is a closed
Žsubmodule of the nonsingular module U [ V. By modularity, Q s U [ Q
. Ž .l V . Since l U s 3, Q l V must be nonzero. This is a contradiction to
the uniformity of Q. Therefore P s 0. Hence U [ V is quasi-continuous,
implying that U is V y injective. Thus U splits in V, a contradiction to the
Ž . Ž Ž ..uniformity of E B . This shows that l E B s 3, proving the firstj j
statement of this lemma.
Ž . Ž .The factor R-module E s E B rSoc B is singular and has length 2.j j
Ž .Let E9 be a simple submodule of E. Then by using ‘* we see that
E [ E9 is quasi-continuous. Hence E9 is E-injective, and so E9 splits in E.
Ž . Ž .This shows that E B rSoc B is a direct sum of two simple modules. Inj j
Ž . Ž .particular, E B s xR q yR for some x, y g E B . Moreover, as shownj j
in the last part of the proof, both xR and yR are projective.
Assume that all B are simple. Then, for an a g A, if aB / 0, there is aj
B with aB / 0. This shows that A contains a simple submodule aB ( B .j j j j
Ž Ž ..But l E B s 3, a contradiction to the definition of A. Thus AB s 0,j
Ž .and so B is a ring direct summand of R cf. Lemma 10 . In particular, BR
is injective. Thus B s 0, because A contains all injective R . Further, ifi
Ž .there is a B of length 2, then the projective right R-module Soc Bj j
Ž .having injective hull of length 3 must be isomorphic to some direct
summand B of B, proving the second statement of Lemma 11.j9
Finally, we show that B is CS. Let E be the injective hull of B . By theR i i
Ž .definition of B, E is not projective. Every proper nonzero submodulei R
X of E is of length 1, or 2, and hence it is cyclic, say X s xR for somei
x g X. If xR is not projective, then, by hypothesis, we can easily show that
E [ xR is quasi-continuous. Hence xR is E -injective, and so xR splits ini i
E , a contradiction. Thus every proper submodule of E is projective.i i
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We can write E in the form E s uR q ¤R where uR and ¤R havei i
Ž .length 2 and uR l ¤R s Soc E . Suppose that E is cyclic. Then it has toi i
be generated by some w g uR q ¤R. We have w s ur q ¤s for some
Ž .r, s g R. If, for example, ur g Soc E , then urR : ¤sR : ¤R, and soi
wR : ¤R, a contradiction. Hence we must have urR s uR, ¤sR s ¤R.
Ž . Ž . Ž . Ž .Moreover, ann w s ann ur l ann ¤s . Therefore, Rrann w con-R R R R
w Ž . Ž Ž . Ž ..xtains the direct sum ann ur r ann ur l ann ¤ s [R R R
w Ž . Ž Ž . Ž ..x Ž .ann ¤s r ann ur l ann ¤s . Since E ( Rrann w , one of theseR R R i R
two direct summands must be zero, so we must have, for example,
Ž . Ž . Ž Ž .. Ž Ž ..ann ur : ann w . But this means that l Rrann w F l Rrann urR R R R
s 2, a contradiction. Thus E cannot be cyclic for any i s 1, 2, . . . , m. Nowi
let V be a closed submodule of B . Then BrV is a cyclic nonsingularR
right R-module. By hypothesis, BrV s P [ W [ ??? [ W where P is1 m
projective and each W is uniform and quasi-continuous. Since BA s BCi
Ž .s 0 by Lemma 10 , the socle of each W is isomorphic to that of some Bi j
Ž  4.j g 1, . . . , m . By the previous observation, each W cannot be injective.i
Ž .It follows that W is isomorphic to a proper submodule of E B and hencei j
projective. This shows that BrV is projective, and so V splits in B, proving
that B is CS.R
LEMMA 12. The injecti¤e hull of e¤ery simple submodule of C is notR
projecti¤e and has length 2. If C / 0, then there are C , say C and C , withk 1 2
Ž . Ž . Ž .l C s 1, l C s 3, and C is embeddable in Soc C .1 2 1 2
Proof. By the definition of C, we have C s C [ ??? [ C , where each1 q
 4C is given in the proof of Lemma 10. If C g C , . . . , C and C isk h 1 q h
Ž Ž .. Ž .simple, then l E C s 2 and E C is not projective by the definitionh h
of C.
Ž . Ž .Assume that there is a C with u-dim C s 2. Then Soc C s S [ Tk k k
where S and T are minimal submodules of C . Let V s C rS. Thenk k
Ž .l V s 2 and V is uniform and not projective. Moreover, every submod-R
Ž . Ž .ule of E V containing V is also not projective. If E V / V, then there is
Ž . Ž . Ž .a submodule W with V ; W : E V such that l W s 3. Hence, by ‘* ,
V [ W is quasi-continuous. This means that V splits in W, a contradiction.
Ž . Ž .Thus V s E V , as desired. Similarly, C rT s E C rT . In fact, we havek k
shown that the injective hull of every simple submodule of C has length 2R
and is not projective.
Assume that all C are simple. Then, for an a g A, if aC / 0, there is ak
C with aC / 0. This shows that A contains a simple submodule aC ( C .j j j j
Ž .But E C is not projective, a contradiction to the definition of A. Thusj
Ž .AC s 0, and so C is a ring direct summand of R cf. Lemma 10 . In
particular, C is injective. Thus C s 0, because A contains all injective R .R i
ŽFurther, if there is a C of uniform dimension 2 or equivalently of lengthk
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.3 , then any simple submodule of C is projective and its injective hull isk
not projective, of length 2. Hence it must be isomorphic to some direct
summand C of C, proving the last statement of Lemma 12.h
Ž .Let R be a ring as in III of Theorem 7. Then R s RrA s B [ C is a
Ž . Ž . wring direct sum, where B s B q A rA and C s C q A rA. By 8, Chap.
x Ž . Ž .3 , R is a right and left SI-ring; i.e., every singular right left R-module is
semisimple and injective. Moreover, R is right hereditary.
LEMMA 13. Let T be a ring such that either T s B or T s C. Then e¤ery
finitely generated right T-module is a direct sum of a projecti¤e module and an
injecti¤e module.
Proof. Let M be a finitely generated right T-module. Then M s N [
M9 where M9 is a maximal injective submodule of M. Since T is a right
SI-ring, the singular submodule of M is contained in M9. Therefore, N is
nonsingular and it does not contain nonzero injective submodules. If
N s 0, the statement is clearly true. Hence we assume N / 0, and con-
Ž . Ž .sider below two cases a and b :
Ž .a T s B. Then T is right CS, and T s T [ ??? [ T where eachT 1 l
T is uniform and has the same structure as that of B in Lemma 10, i.e.,i i
Ž . Ž .l T F 2, and for each minimal right ideal S of T , E S rS is the directi
sum of two simple modules. Since N is finitely generated, there is anT
epimorphism w : T m “ N. Let K s ker w. Then T mrK ( N.
We write T m s V [ ??? [ V [ W where each V is isomorphic to some1 h i
 4 Ž . m wŽT g T , . . . , T and l V s 2, and W is semisimple. Then T rK s Vj 1 l i 1
. x Ž .[ ??? [ V q K rK q W q K rK. As W is semisimple and projective, ith
Ž .is clear that W q K rK is projective. Moreover, we can easily show that
m wŽ . x ŽK rK s V [ ??? [ V q K rK [ W9 for some submodule W9 of W q1 h
.K rK. Hence, to get the projectivity for N, it is sufficient to show that
wŽ . xV [ ??? [ V q K rK is projective.1 h
Ž . wŽ . xLet H s V [ ??? [ V l K. Then V [ ??? [ V q K rK (1 h 1 h
Ž .V [ ??? [ V rH. Since T is right hereditary, H is projective. Hence1 h
H s H [ ??? [ H [ U where each H is of length 2 and isomorphic to1 q i
 4some T g T , . . . , T , and U is semisimple. Note that q F h. Afterj 1 l
renumbering, if necessary, we can find a direct sum V [ ??? [ V such1 p
Ž .that this is maximal with respect to the condition that V [ ??? [ V l1 p
Ž .H [ ??? [ H s 0. Then it is easy to check that1 q
V [ ??? [ V s V [ ??? [ V [ H [ ??? [ H . 3Ž .Ž . Ž .1 h 1 p 1 q
By modularity,
H s H [ ??? [ H [ U9, 4Ž .1 q
HUYNH AND RIZVI146
Ž . mwhere U9 is a semisimple submodule of V [ ??? [ V . Since T rK is1 p
nonsingular, K is closed in T m. As U9 is closed in H and hence in K, U9 is
closed in V [ ??? [ V . Therefore, every minimal submodule of U9 is also1 p
closed in V [ ??? [ V . We first prove the following:1 p
CLAIM 1. For any minimal closed submodule L of V [ ??? [ V ,1 p
Ž .V [ ??? [ V rL contains a nonzero injective submodule.1 p
We prove Claim 1 by induction on p. For p s 1, there is no closed
minimal submodule in V , so the claim is true. Assume that Claim 1 holds1
for a p G 1. Let L be a closed minimal submodule of V [ ??? [ V [1 p
V . If L : V [ ??? [ V , then we are done with the proof. Hence wepq1 1 p
Ž . Ž .consider the case L l V [ ??? [ V s 0 obviously, L l V s 0 .1 p pq1
Ž . Ž .If V [ ??? [ V r L [ V is not nonsingular, it contains a singu-1 pq1 pq1
lar minimal submodule F9. Hence the inverse image F of F9 in V [ ??? [1
Ž .V is projective and u-dim F s 2. Moreover, FrV is embedded inpq1 pq1
V [ ??? [ V , so V splits in F; i.e., F s L* [ V , where L* is1 p pq1 pq1
Ž .projective and of length 2. Since L is closed in L* [ V , L* [ V rLpq1 pq1
is nonsingular, uniform of length 3, and hence injective, proving the claim
in this case.
Ž . Ž .If V [ ??? [ V r L [ V is nonsingular, then it is isomorphic to1 pq1 pq1
the factor module of V [ ??? [ V by a minimal closed submodule.1 p
Ž . Ž .Hence, by the induction hypothesis, V [ ??? [ V r L [ V con-1 pq1 pq1
Ž Ž . .tains an indecomposable injective submodule I9 note l I9 s 3 . Let I be
Ž . Ž .the inverse image of I9 in V [ ??? [ V . Then u-dim I s 3 and l I s1 pq1
6. As T is right hereditary, I is projective, and hence I s I [ I [ I ,1 2 3
where each I , I are uniform of length 2, and I s V . Since L is closed1 2 3 pq1
in I, I s IrL is nonsingular and of length 5. If L is contained in the direct
sum of any two I , then clearly I contains a nonzero injective submodule,k
and we are done in this case. We consider the case that L is not contained
Ž .in any of the direct sums of two I . Since u-dim I s 2, I [ I is essentialk 1 2
in I. If IrI contains a minimal singular submodule, then we conclude as1
before that IrL contains a nonzero injective submodule. Hence we are
done in this case. Assume now that IrI is nonsingular; consequently, I is1 1
closed in I. This implies that IrI is uniform and of length 3. Therefore,1
Ž . Ž . Ž . Ž .IrI is injective. Now, E I s E I [ E I . It follows that E I rI s1 1 2 1
w Ž . x wŽ Ž . . x Ž .E I rI [ E I q I rI . Note that E I rI is a nonzero singular1 1 2 1 1 1 1
Ž Ž . . ŽŽ Ž . . .module. If IrI is not contained in E I q I rI , then E I q I rI1 2 1 1 2 1 1
Ž . Ž . Ž .q IrI s E I rI , and so E I rI is nonsingular, a contradiction. Hence1 1 1
Ž Ž . . Ž Ž . .IrI is contained in E I q I rI . Therefore, IrI s E I q I rI ,1 2 1 1 1 2 1 1
Ž .which yields E I ; I, proving that IrL contains a nonzero injective2
submodule. Thus the proof of Claim 1 is complete.
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Ž .Now we return to consideration of the submodule U9 in 4 above.
Suppose that U9 / 0. Then U9 contains a minimal submodule, say S, which
Ž .is closed in V [ ??? [ V . Hence V s V [ ??? [ V rS is nonsingular. By1 p 1 p
Claim 1, V contains a nonzero injective submodule, say H. We can assume
Ž .that H is indecomposable. Then l H s 3. Write U9 s S [ Q. Since
Ž .V [ ??? [ V rU9 is nonsingular, H l Q s 0. Hence H is embedded in1 p
Ž . Ž .V [ ??? [ V rU9 ( VrQ . This is a contradiction to the fact that1 p
Ž . Ž m .V [ ??? [ V rU9, being isomorphic to a submodule of N ( T rK ,1 p
does not contain a nonzero injective submodule. Thus U9 s 0. Hence, by
Ž . Ž . Ž .3 and 4 , V [ ??? [ V rH is projective as desired.1 h
Ž .b T s C. By the properties of C, we can decompose T in the form
Ž .T s T [ ??? [ T [ Z, where each T is a local right T-module withT 1 l i
Ž . Ž .u-dim T s 2, l T s 3, and Z is semisimple. T has the same structurei i T T
Ž .as that of C in Theorem 7 iii . To verify the desired property of finitelyR
generated nonsingular right T-modules in this case, we have to prove a
statement which is similar to Claim 1.
CLAIM 2. Let Y be a right T-module with Y s Y [ ??? [ Y where1 p
 4each Y is isomorphic to some T g T , . . . , T . Then, for each minimalj i 1 l
submodule L ; Y, the factor module YrL contains a nonzero injective
submodule.
Note that it is easy to check that every minimal submodule of Y is
closed in Y. We prove Claim 2 by induction on p. For p s 1, YrL is
nonsingular, uniform, and of length 2. Therefore, it is injective by the
Ž .property of C in III of Theorem 7; i.e., Claim 2 is true for p s 1. We
assume that Claim 2 holds for a p G 1. Let L be a minimal submodule of
Y s Y [ ??? [ Y [ Y where each Y is isomorphic to some T g1 p pq1 j i
 4T , . . . , T . If L ; Y , then Y rL is injective, so YrL contains a1 l pq1 pq1
nonzero injective submodule as desired. Hence we consider the case that
Ž .L is not contained in Y ; i.e., L l Y s 0. Since Yr L [ Y (pq1 pq1 pq1
Ž .Y [ ??? [ Y rL9 for some minimal submodule L9 ; Y [ ??? [ Y , by1 p 1 p
Ž .the induction hypothesis Yr L [ Y contains a nonzero injective sub-pq1
Ž .module I9. We may assume that I9 is indecomposable, and so l I9 s 2.
As I9 is nonsingular, the inverse image I of I9 in Y must have uniform
Ž Ž . .dimension 4 note that u-dim L [ Y s 3 . Since Y is a projective rightpq1
module over the right hereditary ring T , I is projective. Moreover, IrYpq1
is embeddable in Y [ ??? [ Y , and hence Y splits in I. Write I s1 p pq1
M [ M with Y s M . Since M ( IrY , M is of length 3 and1 2 pq1 2 1 pq1 1
uniform dimension 2. Hence M is isomorphic to some T g T , . . . ,1 j 1
4T . Now it is enough to show that IrL contains a nonzero injective sub-l
module.
Ž .We have M l L s 0. Since u-dim I s 4, there is a minimal submod-2
Ž . Ž .ule Q ; I such that M l L [ Q s 0. Note that l I s 6. Hence, for2
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Ž . Ž . Ž . Ž .I s Ir L [ Q , l I s 4 and l M s 3. These show that u-dim I can be2
either 2 or 3 only.
Ž .Case 1. u-dim I s 2. In this case, M is essential in I. As M is2 2
nonsingular, it follows that I is nonsingular and I s D [ D where both1 2
D are of length 2 and injective.i
XLet S be the socle of D . Set I9 s IrS . Then M s M rS is injective1 1 1 2 2 1
X Ž .and nonsingular. Hence I9 s M [ D rS , and I9 is also injective,2 1 1
but it is not nonsingular. On the other hand, we can also write that I9 s
X XwŽ . x Ž . Ž .D q S rS [ D rS . Let S be the socle of D s D q S rS2 1 1 1 1 2 2 2 1 1
X X X X XŽ .( D . If M / D , then M l D s S , because otherwise2 2 2 2 2 2
X X Ž .I9 s M [ D ,and so l I9 would be 4 which is impossible. This yields2 2
I9 s M X q DX , implying that I9 is nonsingular, a contradiction. Thus2 2
X X Ž .M s D or, equivalently, M rS s D q S rS . Hence D ; M , and2 2 2 1 2 1 1 2 2
Ž .so M s D [ S , a contradiction to the fact that M ( M is local.2 2 1 2 2
Ž .Case 2. u-dim I s 3. It follows that I is not nonsingular. There is a
minimal submodule V ; I such that V [ M is essential in I. Since2
Ž .l I s 4, we must have I s V [ M . Hence V is singular. Let V be a2
Ž .submodule of I that contains L [ Q such that Vr L [ Q s V. Then V
Ž . Ž .is nonsingular and projective with l V s 3, and u-dim V s 2. There are
two possibilities: Either V s X [ X for uniform X and simple X , or V1 2 1 2
Ž .is local. In the first case, l X s 2, and hence X is injective, a contradic-1 1
tion because I does not contain nonzero injective submodule. Therefore, V
 4is local, and so V is isomorphic to some T g T , . . . , T . Hence VrL isj 1 l
nonsingular, uniform, and of length 2. Thus VrL is an injective submodule
of IrL, as desired.
Ž . ŽNow we can use Claim 2 to prove the statement for case b i.e., the
. Ž .case T s C by the same way as that of a .
Ž . Ž .Proof of Theorem 7. The implication I « II is clear by Theorem 5,
Ž . Ž .and IV « I is trivial.
Ž . Ž . Ž .II « III Let R be a ring satisfying III ; i.e., R is right artinian
and every finitely generated right R-module is a direct sum of a projective
module and a quasi-continuous module. From the discussion before Lemma
Ž .2 Ž .8, we have J R s 0. Now, decompose R as in 2 . Then define A, B,R
Ž .and C as done before Lemma 10. The first statement of III holds by
Ž . Ž .Lemma 10, and i follows from the construction of A. Furthermore, ii
Ž . Ž .and iii follow, respectively, from Lemmas 11 and 12. This proves III .
Ž . Ž .III « IV Set A s eR, B s fR, and C s gR where e, f , g are
orthogonal idempotents with e q f q g s 1, the identity of R. Note that
BA s CA s BC s CB s 0.
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Let N be a nonzero right R-module. We are going to prove that N is a
Ž .direct sum of a projective module and a quasi-injective module; i.e., IV
holds.
As R is right artinian, N contains a maximal injective submodule I. It is
known that I s [ I , where each I is the injective hull of a simplea aa g V
right R-module. Let L be a subset of V with the property that a g L if
and only if I is projective. Then the submodule P s [ I is projec-a 1 llg L
tive and injective. Write N s P [ M for some submodule M of N. In1
particular, M does not contain nonzero projective submodules which are
injective.
We have M s Me [ Mf [ Mg, a group direct sum of M.
Step 1. Consider Me. If Me / 0, take any 0 / x g Me and consider xR.
Ž . Ž Ž ..Since B [ C : ann x , xR ( Ar A l ann x . As xR does not containR R
Ž .nonzero injective submodules which are also projective, A l ann x isR
essential in A . This implies that xR is singular and semisimple, andR
hence MeR is semisimple and singular. Moreover, eRf and eRg are subsets
Ž .of the Jacobson radical of R. Hence MeRf s MeRg s 0, implying Me R
Ž .s Me Re q Rf q Rg s MeRe : Me. This shows that Me is a semisimple
singular submodule of M. We set Q s Me.1
Step 2. Consider Mf. Let m g M, r g R be arbitrary elements, and
write mf.r s x q x q x , where x g Me, x g Mf, x g Mg. Then, as1 2 3 1 2 3
Ž . Ž .fre s 0, we have 0 s m fre s mfr e s x e q x e q x e s x e s x .1 2 3 1 1
Similarly, x s 0. Hence mf.r s x g Mf. This shows that Mf is a sub-3 2
module of M.
Ž .The factor ring R s RrA s B [ C a ring direct sum is right SI
Ž Ž wi.e., every singular right RrA-module is semisimple and injective see 7,
x..Chap. 3 . It is clear that Mf is a right module over B. Let Q be a2
maximal injective submodule of Mf. Then Q contains the singular sub-2
module of Mf which is semisimple and injective, and Mf s Q [ M ,2 2
where M is a nonsingular right B-module which does not contain nonzero2
B-injective submodules. We aim to show that M is projective as a right2
R-module.
By Zorn's lemma we find a submodule U of M which is maximal with2
respect to the condition that U s [ U where each U is uniformb bb g G
Ž .projective in Mod-RrA and of length 2. Let T be a semisimple submod-
ule of M which is maximal with respect to the condition that U l T s 0.2
Hence U [ T is essential in M . We aim to show that U [ T s M . If2 2
ŽU [ T / M , there is a cyclic submodule xR ; M for which xR q U q2 2
. Ž . Ž . Ž .T r U [ T is simple. Notice that xR q U q T r U [ T is singular. By
Ž .Lemma 13 or by the fact that B is right CS , xR is projective in
Ž .Mod- RrA , and hence xR s V [ ??? [ V where each V is isomorphic1 d i
 4to some B g B , . . . , B . There is exactly one V , say V , which is notj 1 m i 1
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Ž . Ž .contained in U [ T. This shows that l V s 2, and U l V s Soc V .1 1 1
Since M is nonsingular and V is uniform, there is a finite subset F : G2 1
Ž . Žsuch that [ U l V s U l V s U l xR, so [ U qb 1 1 bb g F b g F
. Ž . Ž .V r [ U is simple and singular. Hence Soc [ U is essential in1 b bb g F b g F
Ž .[ U q V . On the other hand, by Lemma 13, [ U q V isb 1 b 1b g F b g F
Ž . Ž . Xprojective as a right RrA -module. Hence [ U q V s U [ ??? [b 1 1b g F
X X  4 < <U , where each U is isomorphic to some B g B , . . . , B . Hence F s r.r i j 1 m
Ž . wŽ . xThis implies that 2 r s l [ U G l [ U q V . Therefore, V :b b 1 1b g F b g F
[ U . This is a contradiction. Thus U [ T s M , as desired. Since Tb 2b g F
and U are clearly projective as right R-modules, so is M also.2
Step 3. Consider Mg. Let m g M, r g R be arbitrary elements, and
write mg.r s y q y q y , where y g Me, y g Mf, y g Mg. Then 0 s1 2 3 1 2 3
Ž . Ž .m gre s mgr e s y e q y e q y e s y e s y . Similarly, y s 0. Hence1 2 3 1 1 2
mg.r s y g Mg. This shows that Mg is a submodule of M.3
We may consider Mg as a right C-module. Let Q be the maximal3
C-injective submodule of Mg. Then Mg s Q [ M , where M is a non-3 3 3
singular right C-module. By Zorn's lemma we find a submodule V : M3
which is maximal with respect to the condition that V s [ V , whereaa g V
each V is local, projective of length 3, and uniform dimension 2. Let Wa
be a semisimple submodule of M which is maximal with respect to the3
condition V l W s 0. Then using similar arguments as in Step 2, we
obtain M s V [ W. Since V and W are clearly projective as right R-mod-3
ules, so is M also.3
Ž .Summing up the preceding three steps, we obtain N s P [ M [ M1 2 3
Ž .[ Q [ Q [ Q , where P [ M [ M is projective. Moreover, Q , Q ,1 2 3 1 2 3 1 2
Žand Q are quasi-injective and relatively injective to each other in fact,3
there are no nonzero homomorphisms between them, because Q s Q e,1 1
.Q s Q f , Q s Q g, and e, f , g are orthogonal idempotents in R . Hence2 2 3 3
Ž .Q [ Q [ Q is quasi-injective. This completes the proof of IV .1 2 3
Ž .For a ring R, we consider the following conditions, where sl M denotes
the Loewy length of a module M:
Ž .a Every countably generated right R-module is a direct sum of a
projective module and a quasi-continuous module.
Ž .b Every right R-module is a direct sum of indecomposable mod-
Ž . Ž .ules M with l M F 3 and sl M F 2.i i i
Ž . Ž . Ž .Then, by Theorem 7, a « b . We can verify that all M in b arei
2-generated. However, in general, a 2-generated indecomposable module
Ž .L with l L s 3 may have Loewy length 3 also.
We notice that a ring R of Theorem 7 is a ring-direct sum of A, B, C if
R is right nonsingular. The following consequence of Theorem 7 gives an
answer when R is exactly right nonsingular.
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COROLLARY 14. For a ring R the following conditions are equi¤alent:
Ž .a E¤ery countably generated right R-module is a direct sum of a
projecti¤e module and an injecti¤e module.
Ž .b R is right artinian and e¤ery finitely generated right R-module is a
direct sum of a projecti¤e module and an injecti¤e module.
Ž .c R is a right nonsingular, right artinian ring with Jacobson radical
square zero; R s A [ B [ C is a ring-direct sum where A, B, C are as in
Theorem 7; A is a right nonsingular CS-semisimple ring.
Ž .d E¤ery right R-module is a direct sum of a projecti¤e module and an
injecti¤e module.
Ž . Ž . Ž . Ž . Ž . Ž .Proof. a « b and d « a are clear. For b « c , let N be a
singular right ideal of R. Since N is finitely generated, N is injective byR R
Ž .b . Hence N s 0, proving that R is right nonsingular. Hence we can show
that AB s BA s CB s BC s AC s CA s 0, where A, B, C are defined
as in Theorem 7. It follows that R s A [ B [ C is a ring-direct sum.
Since A is a direct sum of injective right ideals of length less than orA
equal to 2 and minimal right ideals, A is CS-semisimple by Lemma 1.
Ž . Ž .c « d Let M be a right R-module. Then M s M [ M where1 2
Ž .M is a right A-module and M is a right B [ C -module. By the last1 2
statement of Lemma 1, M is a direct sum of a projective module and an1
injective module. For M we use similar arguments as those in the proof of2
Ž . Ž .III « IV of Theorem 7 to get that M is a direct sum of a projective2
Ž .module and an injective module. Thus d holds.
PROPOSITION 15. There exist right CS, right ‘*-semisimple rings which are
not CS-semisimple.
Proof. Consider the following ring
R CR s ,
0 C
where R and C are the fields of real and complex numbers, respectively.
Then R is right and left artinian, right and left hereditary, SI, right serial,
Ž .2and J R s 0. Moreover, it is easy to show that R is right CS. Further, R
is not left serial. Hence, by Lemma 1, R is not CS-semisimple.
It is clear that
C CE s
0 0
Ž .is the injective hull of e R. Since l E s 3, we conclude that the11 R
Ž .injective hull E S of any minimal right ideal S of R has length 3, and
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Ž .E S rS is the direct sum of two simple modules. Therefore, R is a ring of
Ž .Theorem 7 III with A s C s 0.
w xOne can also use results from 17, 18 to obtain the conclusion of
R Cw xProposition 15 for the ring as pointed out by the referee.
0 C
R Cw xAlthough the ring R s is right CS, the right R-module R [ R is
0 C
Ž . w xnot CS, because if R [ R were CS, it would follow from a result of 16R
that R is CS-semisimple.
C Cw xIf we take R to be the ring . Then R is left and right artinian and
0 R
nonsingular. However, R is not right CS. Write R s e R [ e R where11 22
Ž . Ž .e R is a local right R-module with u-dim e R s 2, l e R s 3, and11 11 11
e R is simple. Moreover, we can verify that the injective hull of every22
Žminimal right ideal of R has length 2. See the discussion about this ring in
w x .10 . Thus R is a ring of Theorem 7 with A s B s 0.
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